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ABSTRACT

A gened discrete hub network modd that accounts for fixed, capacity, and
operating/congestion cogts on links and at hubs, with both economies and diseconomies of scale, salects
hubs and links, determines their capacities, and assigns GD flows over pahs, while minimizing dl
system cods. Initidly formulated as a mixed-integer nontlinear program, the modd is transformed into a
mixed-integer linear program through the linearization of the capacity and congestion cost functions.
The methodology is illustrated by an application to a smal-scae network with hypothetical data.

Extensve sensitivity analyses are carried out to assess the trade- offs between the different link and hub
costs.



1 INTRODUCTION

Hub networks, where hubs act as switching or transshipping points for flows between origins
and degtinations (O-D) and spokes connect O-Ds to the hubs, can generate large economies of scale,
and therefore have been widdy adopted by ar and surface trangportation systems, in which
passengers, parcels, or cargoes carried by airplanes and vehicles are often transshipped at one or more
maor arportsdations, and computer and tdecommunication sysems, in which digita or andog
information from and to individual computers or telephones is switched by satdlites, computer servers,
or telephone exchange dtations.

Vaious optimizetion models have been developed for the design of such networks under
various topologica assumptions, including (1) single alocation, where each non-hub node is assigned to
one hub only, (2) multiple alocation, where a non-hub node may be linked to severd hubs, implying
severa paths between O-D pairs, (3) pure hub network, with no links between norn-hub nodes, etc.
Most of these models consder pure networks with single alocation, focus on link codts, which are
taken proportiond to link flows, while usng a multiplicative discount factor for hub-hub links to reflect
economies of scale due to flow concentration, and select hubs and links that minimize total system costs
while dlowing for dl O-D flows to be carried over the network. Mogt of this research has primarily
focusad on the development of agorithms and heurigtics to solve these NP-hard problems for networks
of redidic szes, and has given little atention to the following issues: (1) The determination of link and
hub capacities (heretofore assumed unlimited), accounting for related fixed and varigble costs and
dlowing for varying levels of economies of scde, must be part of the design of hub systems, and
capacities should become endogenous decison variables; and (2) Congestion effects on links and hubs
resulting from the interactions between capacities and flows, and the resulting costs incurred by the hub
system operator and its users (time delays, fallures, increased maintenance), must aso be considered
when designing hub systems.

The purpose of this paper is to develop a generd hub network modd that accounts for the
above issues, and places as few as possible a priori redtrictions on the design of the system, thus
dlowing for multiple hub dlocations, non-hub direct links, and multiple paths between any O-D pair.
For given sets of nodes and potentid links, and given O-D flows between any pair of these nodes, the
moded sdects the nodes to serve as hubs and the links to be built, determines their capacities, and
alocates O-D flows over paths made of the sdected hubs and links, while minimizing the sum of dl hub
and link fixed costs, variable capacity costs, and variable operating and congestion costs, subject to
various flow conservation and capacity condraints. The modd output may then range from a complete
point-to-point network with no hub at dl, to a network with any number of hubs of varying sizes and
thus hierarchica importance.  The resulting mixed-integer non-linear program is transformed into a
mixed-integer linear program by piecewise linearizations of the capacity and congestion cost functions.
In order to better understand the modd properties and the influence of the various input parameters on



the optima network design, the mode is solved for a smal-scale problem, and extensve sengtivity
analyses are carried out.

The remainder of the paper is organized as follows. Section 2 consds in a brief literature
review. The modd assumptions, structure, and approximation are discussed in Section 3. The
gpplications of the modd are presented in Section 4. Conclusions and aress for further research are
outlined in Section 5.

2. LITERATURE REVIEW

Since the modd developed in this paper is discrete, this review focuses on the discrete hub
modeling literature. Hakimi (1964, 1965) moddled the location of a single switching center in a
communication network, showing that its optima location is dways a a network node, and then
extended this work to the case of multiple centers. Goldman (1969), analyzing multi-center location
and multi-stage (origin-to-center, center-to-center, and center-to-degtination) problems in a
communication network, recognized the likely lower unit cost of hub-hub (H-H) links and the
importance of scale economies. He developed amodel to locate n centersin anetwork while minimizing
the totd multi-stage transportation cost. Marsten and Muller (1980) developed a mixed-integer program
for hub-and-spoke (H-S) network design and fleet deployment. Their study was probably the firgt to
recognize the nature and advantage of a H-S structure, discussng pure and mixed H-S networks, single
and multiple hub alocations, interactions between hubs, and airplane assgnments.

OKaely (1987) developed the firg integer quadratic programming hub mode. For given O-D
flow and unit trangportation cost matrices, this model minimizes the totd transportation cost from origin-
to-hub, hub-to-hub, and hub-to-destination . One digtinct feature of this mode is a discount rate
associated to HH links to reflect scale economies due to flow concentration. The integer quadratic
program is NP-hard, and hes not been solved exactly. However, it has spurred the development of
heurigtics providing good, abeit sub-optima, solutions (eg., Klincewicz, 1991; Skorin-Kapov and
Skorin-Kapov, 1994; O'Kdly et al., 1995; Campbell, 1996). A related quadratic programming model
has been proposed by Hedme and Magnanti (1989) to design sadlite communication networks.
However, the specid gructure of their modd alowed for its efficient linearization and resolution.

Aykin (1994) developed a capacitated hub-and-spoke modd dlowing for nornhub to non-hub
links. Various discount factors are used for different types of links. The problem is partitioned into hub
location and routing sub- problems, and the approach combines heuristics and subgradient optimization.
Campbdl (1994) presented the hub location and network design problem as an uncapacitated mixed
integer linear program.hub location problem. He aso used a discount rate,and extends the mode to p-
hub center and hub covering problems.

3. HUB NETWORK MODELING METHODOLOGY

3.1 Assumptions



Hub network modding requires two network inputs a set of nodes N and a set of links A
connecting these nodes. The nodes correspond to the candidate hub locations and those origin and
destination points where treffic originates and terminates. The flows (people, goods, information)
between these nodes can be expressed in terms of an origin-destination (O-D) flow matrix. An O-D
pair can be connected by any number of paths, which are sequences of connected links. Each link is
characterized by a link performance function (LPF), which specifies the functiond relationship between
the variable travel cost on alink and its flow, capacity, and other parameters. A hub is aso associated
with a hub performance function (HPF), which rdaes hub transshipping cogts to hub flow, capacity,
and other parameters. Findly, we assume tha the sysem isin a steady-state condition, that flows are
conserved on links and at hubs, and that there are physicd limits to the sizes of the links and hubs that
can be selected.

3.2Model Structure
Let r denote an origin (O), s adegtination (D), j apath connecting the O-D pairr s, km

the link between nodes k and m (with direction k ® m), X'* theflow on path j betweenr and

s, Q" thetotd flowfrom r to s, and X, the totd directiond flow onlink km. X, isthesum of
al the flows on paths using link km and can be expressed as

Xm=aaadsx:® )

MRsIS T

where R isthe set of origins, S the set of dl dedtinations, J the st of available paths joining the O-D
par rs,and d¥ the ink-path incidence parameter, with d'> =1if link km isonpahj,=0
otherwise.

To ensure O-D flow conservetion, the sum of the flows on dl the pathsfrom r to s mugt
equd thetota flowfromr to s, thatis

axs =q° ®)

ila

Let F, and F™ be the endogenous and maximum feasible flow capacities of link km, and
Y., a 0-1 integer variable, with Y, = 1 if F_ >0,Y,,, = 0 otherwise. The link capacity
condraints are then

ka £ ka (3)
ka £ FmMiXYkm (4)

Let CO, (X, F.,) be the varigble operating cost for link km, reflecting trave time,
congestion, fud, labor, and maintenance costs. The totd link operating cost is: é CO., (X Fer) -

kmi A



Let cf,, be the unit fixed cost for building link km. The total fixed link cost is: g cf,Y,

kmi A
Let CA (F.,) be the varidble capacity invesment cost for link km. The tota link capacity codt is
a CA.(F.). Thetotd link cost (TLC) is then:

kmi A

TLC = é kamYkm + é CA(m(ka) + é Cokm(ka' ka) .
kmi A kml A ki A

The tota flow origingting from node m is é Q™ , thetotd flow terminating & node m is

& Q™, both exogenous to the model and calculated directly from the O-D flow mafrix. The total
exogenous flow a node m, Q,, , isthen

Qm:é.Qrm_i_éQms.

LeeY =1 if misahub(mMT N)or Z >0, and Y, = 0 if misnot ahub or
Z_ =0, where Z_isthetotd flow transshipment & hub m and is endogenous to the mode. The total

endogenous inflow and outflow a a hub m minus the total exogenous flow Q,, is equd to twice the
totd transshipment a hub m, with

22m +Qm = é ka + é ka ) (5)
k1 0(m) ki D(m)

where @) and O0m are the sets of nodes k that send flows to and receive flows from m, and where
thetotal endogenousflowstoand fromhub mare § X, and § X,, , respectively

ki O(m) ki D(m)

Let F_ and F™ be the endogenous and maximum fessible flow transshipment capecities a
hub m. The hub capacity congraints are then:
Z £F,, (6)
F. £ F"™Y . (7)
Let cf . bethefixed hub cost & node m. Thetotd fixed hub codt is: é_ cf,.Y,. Let CA(F)
mi N
be varigble hub capecity cost a node m. The totd hub capacity cost is: a CA(F). L«

mi N
CO, (Z,,,F,) be the hub operating cost function & node m. The total operating cost @ hub m is:
& CO,(Z.,F.). Thetota hub cost (THL) is then:

mi N



THL= § cf .Y, + & CAL(F,) +& CO,(Z,.F,)..

mi N m N mi N

The total trangportation cost (TC), which includes fixed, capacity, and operating costs incurred
ondl linksand hubs, isthen

TC = é Cfkakm + é CA<m(ka) + é Cokm(ka’ka)

kmi A kmi A kmi A
+ A oY, + & CAL(F,)+ 8 CO,(Z,.F,). ®
mi N m N mi N

3.3 Capacity and Operating Cost Functions

The objective function of the generd modd includes fixed, variable capacity, and varigble
operating costs for dl links and hubs. The capacity and operating cost functions need to be further
gpecified to make the generd modd operationdal.

3.3.1 Link and Hub Capacity Cost Functions

Since it is precisely economies of scale due to traffic concentration on links and a hubs that
make a hub-and-spoke network attractive economicaly, it is reasonable to specify power cost functions
that yidd variable costs to scade, with

CA{F.) = ca (F)" )
CA(F) = cafF)" (10)

where b, and b, are exogenous exponents, ca,,, ahd ca,, exogenous unit cgpacity costs for link km
and hub m,and F axd F, the endogenous capacities of link km and hub m. Procedures for
piecewise linear approximation of these functions are well known. When these functions are concave
(O £ b, 1,0 £ b,£ 1), additional zero-one variables must be introduced for each segment of
the piecewise gpproximation.

Note, however, that the only consderation of fixed costs, cf,. Y, and cf Y. , and linear

m 'm?

capacity costs, would also account for economics of scae via decreasing average costs and would be
computationadly more convenient. A related linear gpproximation of the power capacity functions is
proposed further on.

3.3.2 Link Operating Cost Functions

Although various factors may affect the level of service (LOS) on links, the primary component
of LOS, however, istrave time. Because of congestion, the travel time on alink isan increasing function
of the flow on this link. Several generd functiond forms have been used to approximate link
performance functions (LPF) in surface transportation systems However, the use of LPFs has not been
prevaent in ar transportation and telecommunications. In this study, we use Davidson's LPF (Sheffi,
1972):




tkm = tI?m[:l'-i-vka / (ka - ka)]

The operating cost for link km is X, .t,,, , and the total operating cost for dl linksis
then:

é. Cokm(ka’ ka) = é. Cokmkatl?m[l-l_vka /(ka - ka)] (11)

kni A mi N
where co, , isthetime-cost conversion factor for link km.

3.3.3 Hub Operating Cost Function

A hub needs a certain amount of time (waiting time, transshipping time, etc.) to process dl the
arivals, storage, and departures. Following conventiona assumptions and notions of M/M/1 queuesin
gueuing theory, we regard each hub as a single server with aqueuing performance function. Two input
elements are criticd for queuing andlyss a a hub: mean arriva flow rate and mean service rae (i.e,
vehicles per hour, bytes per second).

The flow transhipping service cgpacity & hub m, F_ , is andogous to mean service rate, and
Z,, the totd flow transshipment a hub m, is andogous to the meen ariva flow rate. The mean
transshiping timeisthen t,, =Z_ /(F,, - Z,,). The corresponding hub operating cost is proportiond to
the product of transshipping flow and time, with

a Co.(F,.,Z)=§coZ2/(F, -2Z), (12)

mi N mi N

where co,, isthetime-cost conversion factor for hub m.

3.4 General Mode Summary
The generd modd is restated below (a complete listing and the definitions of the indices,
variables, and parameters are provided in the Appendix):

Min TSC = é {cf (Vim * Carr(ka)bo + €Oy, X, gn[ 1+ Vka/(ka - X 1 1+

kmi A
alcf.Y, +cafF)* +co,Z2F, - ) (13)
mi N

st X,=4aa a d X' (14)
rTRsis jTars

ax-=aqr (15)

j1ars



Xim £ Fim (16)
Fim £ Fk’\n/?XYkm (17)
Z £ F, (18)
F., £ F,T]“"E‘XYm
(19)
2Z,+Q, =[ & Xem + & Xul (20)
kT qm ki om
Yem Ym =[01]
Z., Few Foo X XjrS 3 0,

k mT Nr T Rs 1T Skmil AjTJ3™
The objective function to minimize is the total system cost (TSC) incurred on links and at hubs.
Solving the generd modd yidds the optima hub locations (Y, =1), the number of hubs

(é _Y.,) , and other information about node utilization. For instance, if Q,, > 0 and Z,, = 0, then
node m isapure origin/destination node; if Q. > 0 and Z_ >0 , then node m acts as both hub and
origin/degtingtion node. If Q=0 and Z, =0, thennode misnotused a dl;if Q, =0 and Z_, >0,
then node m is a pure transshipment hub. In addition, the modd aso yields endogenous link and hub
capacities, link flow patterns, and link and hub individua costs.  Unfortunatdly, the modd is a mixed
integer nontlinear program with four nortlinear terms in the objective functiort two for the hub/link flow
congestion costs (Z2 / (F,, - Z.), X2,/ (F.., - X)) ad two for the hub/link capacity costs
(F,)™, (F,)™). Asthe objective function is not convex, a globa optima solution is difficult to obtain.
In the following, we propose procedures to obtain near optimal solutions.

3.5 Piecewise Linearization of the Congestion Cost Functions
Congder the link ocongestion function gl(X,,, F..) = Xfm/(ka- X - Since
F

km Ximr We have T91(X,m Fd /T Xim = (2XoFim - lem)/(ka } ka)2 >0 and
MG (K Fed/T X = AFen = X (FEUFem - X)® > 0. Therefore, the function
gl(X,,, F,) Iisdrictly convex with regardtoX,,, , for afixed F,,,, asshownin Figure 1.

km?



A gl (ka, ka)

Viem (VARG T
Figure1 A Typicd Curveof gl(X,., F.,)

Let the interva [0, F, ] be divided into L intervas (=1,2,3,...,L ). The two end points of
interval | are V. | V. ** | the dope of the line ssgment AB that gpproximates the curve between A and

km? km

BisS', andtheintervd lengthis F, / L. We obtain:

S' =[gl(Vish Fe) = 91V Fed 1A Vit - Vi)
_2L + L -0
(L-D(L-1-9°

It is important to note that the dope equation does not include the varigbles X, and F,.
We assign new continuous varigbles U, to dl intervas |. The following condraints must then be
sisfied:

1

U, £ T Fen (21)
Lo—l
Xem = A Uin (22)
I =0
Thefunction gl(X,,, F,.,) isapproximated asfollows
s 2Ll + L - 1% -1
(X Fed » Q& S'UL= & ULl + ST UL
g( km kn) ? km Ia:.O[(L _ I)(L _ I _ :D kn] km

where S- ', the dope of the last interva, cannot be computed using the basic formula for S' (since
S'=¥ when!l = L - 1)andisagpproximated as the dope of aline with an inclination of 89°, or
S-* = 573.



Thetotd link congestion cost can then be written as.

2L + L - 12 -] (L L-1
U 573U 23
kg.Acokrrtkm km T akg.ACOknt krﬁ{lao[(l_ _ |) (L - :D km] + km} ( )

Since the hub flow congestion cost function has the same mathematicd structure, the same
procedureis used. If theinterval [0, F,] is divided into Wintervals indexed by w=1,23,...,W, and
the continuous varigbles U, are defined for al intervalsw, then the total hub congestion cost function
is gpproximated by

W- 2
8 co, (& [2WAW- W - Wy, g7q way (24)

mi N wo (W- W)W - w- 1)

and the following condraints apply:

Fo (25)

m

U, £

w
m

Q_)of §|I—\

/Z =

m

uw. (26)

0

=
1l

3.6 Approximation of the Capacity Cost Functions

Congder the case of link km capacity cost function, asillugtrated in Figure 2, where the exact
function curve OCA=(F, )™ is adways above the chord OA (with dope S®*) and below the two-
segment curve OBA, where BA is tangent to the exact curve a A. Thus, OBA and OA can be used as
upper and lower bounds for the function (F, )™. In the following, we use the upper bound
approximation, which can be expressed as a linear function of the variables (Y,,,, F,,) , with:

f(Fe = (F™ » (1 - bo) ()Y + bRT)™ 'R

The same gpproximation is gpplied to the hub capacity cost function.

t b, =1
S* = byFM)" )1/, —0 A

/

B P

' C
_ Max by
OB=(1 - by) (F A
O >




Figure 2 Upper and Lower Bounds for (F, )%

3.7 ThelLinearized Total System Cost Function
The totdl system cost function TSC is gpproximated by:

TSC=  cf. Y., +8 cfY,

kmi A
+ & ca,[ (@ - by (FE)™Y,, + bfP*'F,]
kmi A
° 52 2L1 + L-12-|
+ co t°{X + a ULl +573U 1
k%A krr]Ekm{ km |a:0[(|_ _ |)(L _ | _ 1) km] km
+ § cal(@ - b)) (F™)Y + b(F ") 1F ]
mi N
o W- 2 _ _
+8 co, (5 (MWW - W yug g7y @)
mi N w=0 (W' W)(W' W - D

Thefind modd involves minimizing (27 ) subject to condraints (14 )-(22 ), and (25)-(26). This
is now amixed-integer linear program (MILP), with the zero-one integer varidbles Y, , Y., (NV2=N?)
and the continuous variables Z,,, F,, Fry X XI5, Un, Uy
(NV1=N*(J+L+2)- N(J+L-W)).

m’

km?

4. MODEL APPLICATIONS

The MILP developed in the previous section is solved using the OSL solver of GAMS for a
gndl-scae network and with synthetic data input.  The focus is on andyzing modd properties and
behavior, in particular the trade- offs between the different costs and the impacts of the input parameters
on the optima solution. Extensive sendtivity andyses are carried by varying each input parameter
separady, aswdl asover agrid of vaues, leading to the estimation and analysi's of response surfaces.

4.1 Data lnput

We consider the 5-node rectangular network (N=5) presented in Figure 3. The nodes arethe 4
vertices and the rectangle center. Each node may be potentidly linked to any other node. Link
distances are dso indicated in Figure 3. We assume that each O-D pair can be linked by a path with at
most two intermediate hubs, leading to 10 possible paths (one path without any hub, three paths with
one hub, and six paths with two hubs).



The input parameters include unit codsts, distances, free-flow times, maximum feasible capacities,
function exponents, and O-D flows. First, we assume that al hubs have the same reference vaues for
fixed cost cf, =50, capacity cost ca, =1, time-cost converson factor co, =1, and maximum
feasible capacity f,= 500. Then, we scale these values with the multipliers (u,, u,, u,, u,), which
vary within controlled value ranges, as follows cf , =u, * cf,, ca, =u, *ca,, co,, =Uu,*co,, and
FY® =u, * f,. We assume that the link parameters are proportiond to link length, di. Again, we use
reference values for fixed cost cf, =1, capacity cost ca, =1, time-cost conversion factor co, = 05,
free-flow time t, =1, feasble cagpacity f, =400, the multipliers (u,,us,u,,Ug,U,), and the link
lengths d,, & fdlows cf,, =u,*d, *cf,, ca,=u3*d,*ca, €O, =Us *CO,
t, =Ug*d,, *t, and F™ =u,* f,. Notetha thelink time-cost factors co, , are set equd for al
links, and so are the same factors co,, for dl hubs. However, we dlow for co,,, * co,, to account for
users perceived differences in the vaue of time a hubs and over links. All O-D flows are assumed
equa and defined by the reference value Q, =40 and the multiplier u,,, with: Q™ =u,,* Q,. The
remaining inputs are the exponents (b,,b,) of thelink and hub capacity cost functions and the multiplier
v in the Davidson’'s L PF.

We assign to each of the 13 parameters  (Uy-Uy,, Do, by, V) 10 vaues within the following
inervas  u, 1 [4- 44], u,1[6-66], ul[1-11, u,1[84-924], u1][08-89],
u, 1 [04-44], u1[04-44], u,1[02-22], u,1][04-44], u,l[03-33,
b, T[01- 10], b, T [01- 10], and vT [01- 10].

4.2 Sensitivity Analyses Over Individual Parameters

The modd has been solved while varying each of the 13 multipliers over itsrange, while kegping
the other multipliers & their mid-range vaues. The absolute and relative changes in the tota cost
resulting from these variaions are summarized in Table 1.

Table1 Changesinthe Totad Cost (TC)

Parameter [ TC Absolute Changeg TC Reative Changes
(%)
ul 1800 12.78
u2 1708 12.09
u3 4159 34.25
Wl 14496 216.15
us 2168 15.63
ué 4593 36.03
u’7 5417 42.61
u8 4593 36.03
w9 2829 19.01
ul0 13479 184.03
b0 11699 85.30




bl 4136 29.56
v 759 5.25

The following generd results are observed:

(& The totd cost increases with the parameters (u,-Us, Us, by, by, V), and, as expected,
decreases with u; and u, , the maximum hub and link cagpacity multipliers.

(b) Vaying the multipliers u,, u,, Us, U,, and v produces only smal changes (less than 2,830 or
19.01%) in the total cost. In the cases of u, and u,, the changesin the total cost (12.78% and 12.09%)
correspond exclusively to changes in the costs associated with these multipliers (hub fixed and variable
capacity costs). However, in the cases of us, Us, and v, total cost variations (15.63% , 18.08%, and
5.25%) result from trade-offs between al the three link costs and hub congestion costs.

(©) Varying the multipliers us, u,, Us, U;, Us, Uy, by, and b, generates steeper changes (aminimum
of 4,000 or 29.56%) in the total cost, with trade-offs among individuad cogs The link fixed cost
multiplier u,) and the O-D flow multiplier (y,) produce the largest total cost changes (216.15% and
184.03%).

(d) When vaying U, U, Us, Us, U, and v, we dways obtan one-hub networks the
configurations of which are virtudly the same asin Figure 4 (i.e,, same hub and same links), with only
dight variationsin link flows, hub transshipment, and link and hub capacities. This result suggests that the
gructure of the optimal networks is not sengtive to these multipliers. This is further confirmed by the
smdl changes in the link and hub flow concentration indicators FCL and FCH, which are computed as
follows

FCL=(a Xim)/(Q R Y (28)
kmi A kmi A

FCH =[§ (Z, +Q.Y.)l/ & (Q.Y.) (29)
mi N mi N

The results obtained when varying the multipliers of hub congestion cost (us), link fixed cost (u),
maximum feasble hub capacity (u,), maximum feasble link capacity (Us), O-D flow (uy,), and capacity
function exponents (b, and b,) are discussed in more details below.

U, (hub congestion cogt mulltiplier): As expected, when u; increases, the number of selected links
A . Yan) increases from 10 to 14, and the total hub flow transshipment (émzm) decreases from

600 to 360, leading to decreasng hub flow concentration FCH (2.87 to 2.12) and link flow
concentration FCL (0.45 to 0.28). Interestingly, despite the above changes, the same one hub is
seected throughout. While the hub fixed and capacity costs display no changes, hub congestion costs
fluctuate up and down. Link capacity codts, increasing with growing link capacity, induce a decline in
link congestion costs.

u, (link fixed cost multiplier): Most cost and performance indicators increase with u,, except the
number of sdlected links, which drops from 20 to 10, and link capacity costs, which adso decrease. The




increase in link fixed cogts is dightly compensated by decreasing link cagpacity codts, due to the smaller
number of links. Of al the multipliers, the largest total cost increase (from 6707 to 21203) is due to u,.

u; (hub cgpacity multiplier): Aswith u,, changesin u, aso induce sgnificant changes in dl cost
components and performance indicators. The number of selected links decreases from 20 to 8,
corresponding to the change from a point-to-point network to a minimum spanning tree. The decreasing
tota cost is associated with decreasing link fixed and capacity costs, and with increasing link congestion
and hub costs. The dominant factor, however, is the decline in link fixed costs due to the declining
number of links made possible by the increasing hub capacity. Hub and link flow concentrations
increase from 0 to 3.25 and from 0.15 to 0.6, respectively, and so does total hub transshipment (0 to
720).

U, (link cagpacity multiplier): Increasing u, induces a strong decrease in link fixed and congestion
cods, a dight increase in link cgpacity and hub congestion costs, and no changes in the hub fixed and
capacity costs, with, of course, tota costs decreasing.

Uy, (O-D flow multiplier): All costs increase with uy, , except hub fixed costs, which remains
congtant, and hub congestion costs, which fluctuate up and down. Hub capacity costs remains constant
and equa to 949 when u,, >= 0.6. The largest contributors to the total cost increase are link fixed and
congestion cogts. The total number of links increases with u,, from 8 to 17: as O-D flows increass, it
becomes necessary to use more of the available link capacity. As the maximum feasble capacity of
each link isfixed, it is then necessary to put more links into service to carry dl flows. At the limit, dl 20
links may be sdected, but not necessarily as a point-to-point network (using a hub may gill be optimd).
This pattern is clearly confirmed by the increasing link and hub flow concentration indicators.

b, (power of the link capacity codt function): Incressing b, resultsin alarge total cost increase
(from 13716 to 25415). Link capacity costs become larger than link congestion costs when b,>=0.7,
and become equa to link fixed costs when b,=1.0. When b, shifts from 0.9 to 1.0, hub congestion
costs decrease, which is compensated primarily by increasesin link congestion and capacity costs.

b, (power of the hub capacity cost function): The vadue of b,=0.7 splits the results into two
groups: one with 13 sdlected links and a hub, the other a point-to-point network with no hub, and thus
zero hub capacity cost. For 0.1<=b,<=0.7, most costs and performance indicators remain constant,
except hub capacity costs, which are the only contributor to the tota cost increase. However, for
0.7<b,<=0.8, there are drops in hub congestion and capacity cogts, which are offset by increasesin link
fixed and capacity costs. The sudden change in the optima network structure with the change in b,
within the small interval [0.7,0.8] underscores the discrete nature of the modd solution space.

4.3 Optimal Network Analysis

We have obtained 130 optima networks corresponding to the 13 multipliers, each with 10
vaues. A totd of 10 digtinct optima networks (DON) in terms of unique hub and link sdlections are
presented in Figures 4 through 13. The remaining 120 optimal networks are ether Smilar or identica to



the 10 DONs. A smilar network (SN) is defined as having the same network structure as one of the
DONSs, but with different link and hub flows and capacities. An identica network (IN) has exactly the
same hub and link flows and capacities as one of the DONs. We observe the following:

(& The optima networks range from a point-to-point (P-P) configuration without hubs, as
presented in Figure 8, to a minimum spanning tree (MST) structure, as presented in Figure 12. While
the R P network has the lowest levels of link and hub flow concentrations (FCH=0, FCL=0.15), the
MST network has the highest ones, with FCH=3.25 and FCL=0.6.

(b) In dl the optima hub networks (i.e., not P-P), only one hub, located at node 5, is selected.
The hub flow concentration FCH ranges from 1.45 to 3.25, and the total hub flow transshipment ranges
from 240 to 720.

(d) All optima networks include the shortest links between node 5 and nodes 1, 2, 3, and 4.
Some networks also select the next shortest links, such as the links between nodes 1 and 4, nodes 1
and 2, and nodes 2 and 3. The longest links, such as the links between nodes 1 and 3 and nodes 2 and
4, are never sdected in any optima network with a hub. Only the optima point-to-point network
(Figure 8) sdlects the longest links. Thisis not surprisng sncethe link costs are distances-related.

4.4 Response Surface Analysis

In order to assess more precisaly the cost trade-offs in the design of optimal hub networks, the
modd has been solved over a grid of vaues for the sx cost multipliers (u, - u,), which are each
assigned the lowest, mid-range, and highest vaues in the intervas specified in Section 4.1. A totd of
3% =729 diginct combinations of multiplier values was considered. All the other multipliers were kept
a ther mid-range values. The resulting optimal codts, in total and for each cost category, were then
regressed over the input multipliers.  Both linear and log-linear functional forms were onsidered.
Higher R? were obtained in the log-linear cases, the results of which are retained for further andlysis
and reported in Table 2. Totd (TC) and link-specific (TLC, FIXLC, CAPLC, COMLC) costs arein
logarithmic form (InX). However, as hub-specific costs (THC, FIXHC, CAPHC, COMHC) do tekea
vaue of zero (i.e, thereis no hub) over the grid, we cannot use the logarithmic transformation for these
costs, and use, instead, the Box-Cox transformation X (1) =(X' - 1)/1 , with | =01. The

generd form of the regresson is

InX or X(I')=a, +§6 a, In(u,) (30

i=1

Table 2 Optimal Costs Regresson Models
Congant Inu, Inu, Inu, Inu, Inus Inug R-Sg
TC 6.088) 0.041] 0.039] 0.096/ 0.505 0.067] 0.143] 0.938
t-vaueg  154.50 7.69 742 1819 9539 1640 34.71
TLC 6.781| 0.026] 0.021] 0.102 0.359] 0.069] 0.188 0.906




t-vdueg  167.42 4.76 394 18.78 65.93 16.32] 44.35
FIXLC 4.809] 0.043 0.036] 0.153] 0.597| -0.013] 0.028 0.948
t-vdueg  120.15 8.02 6.78 28.52] 110.98 -3.15 6.74
CAPLC 6.460[ 0.024] 0.021] 0.079] -0.178 0.950; 0.076] 0.994
t-vdue§  235.67 6.49 5. 77| 2151 48.30] 331.79] 26.59
COMLC 6.931] -0.031] -0.029] -0.032 0.092 0.055 0.897| 0.992
t-vadueg  238.18 7.95 7.44 831 23.63 1797 295.02
THC -49.62] -0.391] -0.373] -0.324] 10.012] 0.139 -0.321] 0.870
t-values 46.07 2.70 2.58 2.24] 69.17 123 2.86
FIXHC -44.14)  0.531] -0.756] -0.360 8.434| 0.085 -0.302] 0.852
t-values 45.01 4.03 5.73 2.73] 64.00 0.83 2.95
CAPHC -44.500 -0.759] 0.555] -0.365| 8.383] 0.087] -0.301] 0.852
t-vaues 45.61 5.79 4.23 2.79] 63.93 0.85 2.95
COMHC -46.76| -0.511] -0.466| -0.191] 9.419 0.163] -0.295 0.876
t-values 47.57 3.87 3.53 145 71.30 159 287

R-90: R square values

TC: total cost, TLC: totd link cost, FIXLC: link fixed cost, CAPLC: link capacity cost, COMLC: link
operaing cost; THC: total hub cost; FIXHC: hub fixed cost, CAPHC: hub capacity cost, COMHC:
hub congestion cost.

When InX is used, the coefficient a, represents the congtant eladticity e of X with respect to
u . However, when using the Box-Cox trandformation, this eadticity is no longer congtant, but varies

with the levels of the varidbles with: € =a / X' . We discuss below in detail the regression results
for each of the dependent cost variables.

(&) Tota Cost (TC): The coefficients have the expected positive Signs. The dadticity of the link
fixed cogt multiplier is the highest (0.505) , followed by the link and hub congestion cost eadticities
(0.143 and 0.096). The hub fixed and capacity costs, and the link capacity costs have the least effects
on the total cost (0.041, 0.039, 0.067).

(b)Link Fixed Cogt (FIXLC): The coefficients are al positive, except for the link capacity cost
multiplier (Us), whose negative effect is very smal (-0.013). The dadicity of the link fixed cost multiplier
u, (0.597) isthe highest. To compensate for the increasing link capacity costs resulting from an increase
inus , the number of links is reduced, thus reducing link fixed costs.

(¢) Link Capacity Cost (CAPLC): Conggtent with the discussion in (b), the coefficients have dl
positive sgns, except for the link fixed cogt multiplier u, (-0.178). When u, increases, the network
optimization process favors a smdler number of links, and thus smaler aggregate link capacity and cost.
The dadticity of thelink capacity cost multiplier is high and close to unity (0.95).




(d) Link Congestion Cost (CONLC): The coefficients of the hub multipliers (u,,u,,u,) are
negative and reldively small. However, the coefficients of the link multipliers (u,,u,,u,) are positive,
and the coefficient of the link congestion multiplier us is large (0.897). When the hub multipliers increase,

the network optimization process favors sdecting links over hubs, leading to a lower link congestion
Cost..

(e) Tota Link Cost (TLC): All coefficients are positive, and the largest dadticities are those for
u, (0.359), u, (0.188), and u, (0.102). The trade-offs between the three link costs, as uncovered in

the analyss of theindividual cost equations, are hidden when congdering aggregate link cosis.

(f) Hub Fixed Cogt (FIXHC):The strongest positive effects are due to the fixed cost multipliers
u, (hub) and u, (link). When u, increases, the modd moves from a zero-hub to a one-hub sysem to

compensate for the increasing link costs. The strongest negative effects are due to the hub capacity and
operating cost multipliers, u, and u,. When these costs increase, the model tends to reduce the
number of hubs, and thus their fixed costs. The link operating cost multiplier u, has a negative effect (-

0.302): to compensate for these link cogts, the modd tends to increase the number of links and their
capacities, thus decreasing the number of hubs and their codts.

(9) Hub Capacity Cost (CAPHC): Theeffectsof u, (-0.759), u, (-0.365), and us (-0.301) are

negative because the model, to compensate for these costs, increases the number of links and their
capacities, and thus reduces the number of hubs and/or their capacities, hence the hub capacity costs.
The drongest postive effects are due to u, and u,. When link fixed codts incresse, the model

substitutes hubs and hub capacity for links.

(h) Hub Congestion Cost (CONHC): The only postive effects are due to the link multipliers u,
(9.419) and us (0.163): when these link costs increase, the modd will attempt to reduce both the
number of links and their capacities, thus increasing the flow through the hub and the resulting
congestion. However, the effect of us (link congestion cost multiplier) is negative, which suggests that
the model, in order to compensate for such costs, increases the number of links and their capacities,
leading to a decrease in hub flow and congestion cost.  Findly, the impacts of the hub multipliers
(u, - uy) aredl negative: an increase in these costs is compensated by selecting more links with larger

capacities, ultimately leading to lesser hub flows and congestion.

() Totd Hub Cost (THC): The effects of the multipliers are smilar to those in the hub
congestion case (h), because these costs generally dominate the two other hub costs.

6. CONCLUSIONS

We have presented a generd hub network modd that considers dl fixed, capacity, and
operating/congestion costs on links and a hubs, accounting for both economies and diseconomies of



scde. The mode sdlects hubs and links, determines their capacities, and assigns O-D flows over paths,
while minimizing dl sysem cogs The modd, initidly formulated as a mixed-integer non-linear program,
is trandformed into a mixed-integer linear program through the linearization of the capacity and
congestion codt functions. The methodology is illustrated by an gpplication to a smdl-scale network
with hypothetical data. Extensve senstivity analyses have been carried out to assess the trade-offs
between the different link and hub costs.

Severd issues cdl for further research. Firgt, while the MILP modd has been easlly solved for
the small-scale problem considered here, it is clear that its gpplication to much larger problems might be
more difficult or possbly unfeasble in terms of computationd requirements, thus cdling for the
development of heuristic procedures providing very good, athough sub-optima, solutions. The present
mode would provide benchmark solutions againgt which such heuristics could be evaluated.  Second,
the modd should be gpplied to a rea-world setting, which would require the gathering of data and the
cdibration of the capacity and congestion cost functions used in the modd. Findly, the mode could be
extended to account for dynamic factors and the time dimension, as well as stochadtic factors and
reiability.
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APPENDI X
Genegrd Modd Notations
Indices

N: set of nodes (k,m)T N

R:stof origins,r T R

S: st of dedtination, s | S

A:stoflinkskm1 A

J' isetof pahsfromrtos, j T J'®

@) : st of origin nodes k linked to destinationnode m onlink k ® m
O M : set of destination nodes k linked to originnode m onlink m ® k

Decision Variables



X;*:flowonpeth j fromrtos

X, - endogenoustotd flowonlink k ® m

F...: endogenous flow capecity of link k ® m

Z_: tota endogenous flow transshipment & m

: endogenous transshipment capacity of hub m

. decisonvariable Y,,, = 1liflinkk ® missdected, Y,,, = O otherwise

Y. decisonvariadle Y,, = 1 if misahubor Z,>0,Y, = Oif misnotahubor Z =0
- endogenoustrave timeonlink Kk ® m

Parameters

Q°:totd flowfromr tos

F'** - exogenous maximum feasible capacity of link k ® m

cf .. fixedunitlenghcog of link Kk ® m

ca,,. cgpacity unit cog of link kK ® m

co,,, : time-cost converson parameter for link k ® m

Q,,: total exogenous flow a node m

F ' : exogenous maximum feesible transshipment capacity of hub m
cf,: fixed hub cogt @ node m

ca,,: capacity unit cost of hub m

co,,: time-cost converson parameter for hub m

v: parameter in Davidson's LPF

t. :exogenousfree-flowtimeonlink k ® m

di¥ : incidence parameter,di =1,if link kK ® mison path (r,sj ); =0, otherwise

km

b, ,b,: exponentsin the link and hub capacity cost functions
Functions

CA (F.) = ca(F,,)": capeacity cos functionforlink k ® m

CA(F,) = ca(F,)" : hub capacity cost function for node m

CO_ (X, Fi) : Operating cost functionfor link k ® m

CO(Z,, F,):huboperating cost function for node m

tim = tod (1 + VX AFim - X 1:travel timeforlink k. ® m (Davidson's LPF)



